Introduction
In this paper we address the following question:
Question 1. Is there any codimension one holomorphic foliation F in a neighborhood of the closed unit ball B[0; 1] ⊂ C
n such that F is transverse to the boundary sphere S 2n−1 (0; 1) for n ≥ 3?
We point-out that for n = 2 there are linear examples and the situation is wellunderstood ( [1] , [5] ). We conjecture that, for dimension n ≥ 3, Question 1 has a negative answer. In this direction we state our main result as:
Theorem 1. Let F be a codimension one foliation in a neighborhood U of the closed unit ball B[0;
1] ⊂ C n , n ≥ 2 and transverse to the boundary sphere S 2n−1 (0; 1). If F has some leaf L 0 with 0 ∈ L 0 and which is closed in U \ sing(F) and transverse to every sphere S 2n−1 (0; R), 0 < R ≤ 1 then n = 2.
A natural situation happens when F has a global separatrix: according to [7] if a codimension one foliation F as above is transverse to S 2n−1 (0; 1) then F has a single singularity p 0 in the open ball B 2n (0; 1). If n ≥ 3 then by Malgrange's Theorem ( [8] ) the foliation F admits a local holomorphic first integral f : V → C in a neighborhood V of p 0 in C n with f (p 0 ) = 0. The germ of hypersurface Λ = f −1 (0) ⊂ V is called a separatrix of F, the existence of a separatrix for dimension 2 is proved in [3] . We shall say that F has a global separatrixΛ if the leaf L 0 of F that contains Λ\{p 0 }, is closed in U for U ⊃ B(0; 1) small enough. In this case we putΛ = L 0 ∪ Λ = L 0 ∪ {p 0 }. An immediate consequence of our main result is: Corollary 1. Let F be a foliation as above, transverse to S 2n−1 (0; 1) and admitting a global separatrixΛ transverse to
quasi-homogeneous if there exists a holomorphic vector field 
Preliminaries
Let f : U → C be a holomorphic function defined in a neighborhood U of the ball B[0; 1] ⊂ C n with f (0) = 0. We fix the standard metric on C n corresponding to the norm ||z||
z j ·z j where z = (z 1 , . . . , z n ). We assume that either f is a submersion at each point of f −1 (0) or that the origin is the only singularity of f in f −1 (0) and this singularity is isolated. According to Milnor [9] we have the following: For any ε > 0 small enough f −1 (0) is (smooth and) transverse to the sphere S 2n−1 (0; ε) and the topology of the
We shall use the following remark: with the spheres S 2n−1 (0; R), 0 < R ≤ 1 we may obtain other examples of functions f with f −1 (0) − {0} transverse to small spheres centered at the origin, by considering functions of the form f = f 0 + P , where f 0 is quasi-homogeneous and P is a small perturbation.
Lemma 2. If Λ ⊂ U is quasi-homogeneous and has an isolated singularity at the origin then Λ is transverse to the spheres S
2n−1 (0; R), ∀R > 0.
Proof of the results
Let F be a holomorphic foliation of codimension one in U ; B[0; 1] ⊂ U ⊂ C n , n ≥ 2 and transverse to S 2n−1 (0; 1). We may assume that n ≥ 3. According to [7] we must have n even and sing(F) ∩ B(0; 1) = {p 0 } is a single simplesingularity. In particular n ≥ 4. We can assume that either F has a global separatrix in the situation of Corollary 1 or, more generally, that F has a closed leaf L 0 in U \ sing(F) = U \{p 0 } with 0 ∈ L 0 . By Remmert-Stein Theorem [10] the closure L 0 ⊆ L 0 ∪ {p 0 } is an analytic subvariety of U , of pure codimension one and, since U is a neighborhood of B[0; 1], by a classical Theorem of Cartan, there exists a holomorphic function f : U → C such that f (0) = 0 and L 0 = f −1 (0). Now, according to Milnor since f has an isolated singularity at the origin (or even f is non-singular) and n ≥ 4, the link f [9] ) for any ε > 0 small enough. Lemma 1 then implies that the link K(f ; 1) is also simply-connected. Let us use the transversality F S 2n−1 (0; 1). Denote by F 1 the restriction F S 2n−1 (0;1) then F 1 is a codimension two real foliation with a natural transversely holomorphic structure. Also the link K(f, 1) corresponds to a simply-connected compact leaf of F 1 . From now on we proceed as in [6] in order to obtain a contradiction. First we apply the Global Stability Theorem of [2] to conclude that every leaf of F 1 is compact with trivial fundamental group. This implies that the leaf space S 2n−1 (0; 1) F 1 of F 1 is a compact Riemann surface and admits therefore some non-constant meromorphic mapping S 2n−1 (0; 1) F 1 → C = C ∪ {∞} onto the Riemann Sphere (it is possible to prove directly that S 2n−1 (0; 1) F 1 is simplyconnected and therefore isomorphic to C). Using this we obtain a transversely holomorphic first integral {f j = 0} for suitable (reduced) holomorphic functions f j : U → C, j = 1, . . . , r. Since we can take U simply-connected ω can be written
for some λ j ∈ C and n j ∈ N and some holomorphic function g : U → C. In particular either ω is holomorphic in U or {f 1 = 0} ⊂ (ω) ∞ gives a closed leaf of F ω . In this last case we apply Theorem 1 to obtain n = 2. In the first case ω = dg and F ω admits a holomorphic first integral in U . By the Maximum modulus principle we conclude that F ω cannot be transverse to S 2n−1 (0; 1) even for n = 2. Thus n = 2 and we have a unique simple singularity for F ω in the ball B(0; 1) which is necessarily a singularity in the Poincaré-domain (cf. [5] ). By Poincaré-Dulac theorem we know that either F ω is linearizable as L λ with λ ∈ C \ R − in a neighborhood of the singularity or it is analytically conjugate in a neighborhood of the singularity to a Poincaré-Dulac normal form L a,m . Comparing these local models for ω with the global writing ( * ) above we conclude.
Corollary 2 follows immediately from Lemma 2 and Corollary 1.
Remark 1.
If we do not assume that 0 ∈ L 0 in Theorem 1 then we cannot apply Lemma 1 in its present formulation. Nevertheless, we can proceed as follows. Suppose that p 0 = 0 and let T be an automorphism of the closed ball B 2n [0; 1] which maps p 0 to 0 and such that T 2 = Id. Then both F and the pull-back foliation T * (F) are transverse to the sphere S 2n−1 (0; 1). The foliation T * (F) has a leaf T −1 (L 0 ) which is closed in T −1 (U ) \ sing(T * (F)) = T −1 (U ) \ {0} and transverse to all hyperbolic balls of hyperbolic center T −1 (0) = p 0 . Lemma 1 can be stated accordingly to this situation with essentially the same proof and also the notion of quasi-homogeneity. This suggests that Theorem 1 might hold for codimension one holomorphic foliations transverse to the boundary of a strongly convex domain and having a global separatrix transverse to the boundary of all Caratheodory or Kobayashi balls centered at some singularity. We want to thank the referee for this and other valuable remarks.
